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Numerical Solution of Two-Dimensional
Compressible Radiating Flowfields

Yih-Kanq Chen,* Philip L. Varghese,t and John R. Howellf
The University of Texas at Austin, Austin, Texas 78712

A two-dimensional numerical model for flows with coupled radiation from an emitting, absorbing, and
scattering fluid is developed. The continuity, momentum, and energy equations are approximated by a finite-dif-
ference method, and the radiative transfer equation is discretized by the product-integration method in which the
shape function is taken to be piecewise-constant. The numerical grid for the radiation field is matched with the
flowfield grid, and the continuity, momentum, and energy equations are coupled with the radiative transfer
equation to obtain steady-state solutions. The model is verified by comparison with existing solutions for a
laminar Poiseuille flow. Some sample calculations of inviscid supersonic flow of an ideal gas through a two-
dimensional diffuser are presented to show the effect of radiation on the temperature field in the diffuser.

Nomenclature
a = absorption coefficient
Ar = aspect ratio
C = specific heat
eg = blackbody emissive power of flow medium
es = blackbody emissive power of boundary surface
g = acceleration due to gravity
/ = specific internal energy
k — extinction coefficient
K = kernel function, defined in Eq. (10)
M + 1 = number of terms used in expansion of scattering

phase function, for linear anisotropic scattering

/i, n' = inward unit normal vector of boundary surface
conduction-radiation parameter
number of boundary elements
number of volume elements

N
Nb
Nd
p
Pe
qc
qr
qs
!•,!•'
R
^rad
s
Sj(0)

t
T
u
v
w/(r)
or

pressure
Peclet number
conductive heat flux
radiative heat flux from flow medium
radiative heat flux from boundary surface
position vectors of computational cell
gas constant
radiation-convection parameter
scattering coefficient
basis functions used in expansion of the scattering
phase function; / = 0, . . . ,M
time
temperature
x component of velocity
y component of velocity
functions defined in Eqs. (11)
thermal diffusivity
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ft = coefficients of linear anisotropic scattering
e = surface emissivity
£)(/•) = interpolating function used in Eqs. (17)
X = second coefficient of viscosity
Xc = thermal conductivity
fji = first coefficient of viscosity
%j(r) = interpolating function used in Eqs. (17)
TT = stress tensor
p = density
£ = boundary of computational domain
a = Stefan-Boltzmann constant
T0 = optical thickness
^ = directional angle
o>o = scattering albedo, =s/(s-\-a)
Q = computational domain

Introduction

MOST previous investigations of combined heat transfer
from a radiatively participating gray fluid were one-di-

mensional analyses. In many practical applications, this ap-
proximation is too crude to provide quantitative predictions.
More recently the effects of two-dimensional radiation, dif-
fuse gray boundaries, and isotropic scattering have also been
studied,1'4 but none of the investigations included all these
effects simultaneously. Kassemi and Chung5 studied the com-
bined effects for a fully developed incompressible flow; the
velocity field was known and uncoupled from the temperature
field.

In this work we examine the combined effects of convective
and radiative heat transfer from an absorbing, emitting, and
scattering gray fluid subject to a two-dimensional radiation
field. The energy equation is coupled with the momentum and
continuity equations to obtain self-consistent velocity and tem-
perature fields. The numerical solution of the radiative trans-
fer equation used in this study is based on the formulation
developed by Tan.6 The product-integration method7 is ap-
plied to discretize the integral equations to reduce the number
of integrations, and irregular physical domains are trans-
formed to regular computational domains. This significantly
reduces the computational effort in numerical integration.
Hence, the numerical grid for the radiation field can be
matched with that for the flowfield, and solutions to the cou-
pled continuity, momentum, and energy equations can be ob-
tained with reasonably short computational time. The zone
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method described by Kassemi and Chung5 is similar to our
method. However, their procedure is less general because the
energy equation was uncoupled from the mass and momentum
equations. Additionally, they did not treat an irregular physi-
cal domain or anisotropic scattering.

Formulation
The equations describing a two-dimensional flowfield of an

emitting, absorbing, and scattering gray medium in local ther-
modynamic equilibrium are given below for convenient refer-
ence. Chemical and atomic reactions have been neglected.

Momentum Equations:

dpu dpu2 dpuv
dt dx dy

dpv dpuv dpv2

dt dx dy

Continuity Equation:

dp diTyY diTxv•~T+-r*+-T*dx dx dy

dy dx

dp dpu dpv _
dt dx dy

Equation of State (ideal gas):
p=PRT

Thermal Energy Equation:

(D

(2)

(3)

(4)

dpi
~7~dt

dplu
~T —dx

dplv
T —dy

du dv
= ~P\ T~ + T~dx dy

d
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The viscous stress tensor is defined by

dv
~ *y,
dv

'dy,

7Txx=2/>

TTyy = 2f,

irxy = l*,(

d u f d u
l^c+\~dx

dv (du
l~d~y^\dx

^du dv\
^dy + dx)

(5)

(6a)

(6b)

(6c)

The conductive and radiative energy fluxes in the medium are
qc and qr, respectively.

The radiative transfer term in the energy equation makes
computations difficult because it turns the differential equa-
tion into an integro-differential equation. Tan has recently
developed a new formulation for multidimensional radiative
transfer in an emitting, absorbing, and anisotropic scattering
medium with a gray boundary and constant (wavelength and
temperature independent) properties.6 In this case the radiative
heat flux term (V -qr) can be obtained from the integral equa-
tions for radiative heat transfer:

4eg(r)-- V-<? r(r)= K.(r,r')\ keg(r')a Jn L

-— V-^(r') dK(r')4a

+ —

w/(r)= K(r,r')\ fceg(r')--^ V -qr(r') J5/

+ 7 £fc K(rtr')^k(r'
4A:=1 Jf i

+ #(r,r')U(r')- —— q*(r') U/
JE L c J

xcos(r-r',/T)d;4(r'), (8)i r r s i>s(r)--qs(r)= 1 K(r,r')\keg(r')-— V-0,(r')J

s M
xcos(r'-r,/i)dF(r') + -

)--^^^')

xcos(rf -r,n)dA(r')

cos(r-r',n')

(9)

Equations (7) and (8) apply to points r in the domain 12, and
Eq. (9) applies to points on the boundary E. The blackbody
emissive power of the flow medium and the boundary are eg
and eS9 respectively, and qs is the net radiative heat flux on the
wall. The kernel K is defined by

TT (r-r')2 (10)

Linear anisotropic scattering (M = 3) is a common first ap-
proximation in scattering studies, although it can only model
limited anisotropy.8 In principle, higher-order expansions
(M>3) can be incorporated in a straightforward manner in
this formulation, but the large matrices may make the scheme
impractical. Higher-order expansions were not attempted in
this work. The functions w/ (/ = 0,. . . ,3) have physical signif-
icance6; w0 is the radiant intensity integrated over all solid
angles, and the remaining w/ are the radiant heat fluxes in the
three coordinate directions, i.e.

- (Ha)

w\ = (Qr)x (Hb)

W2=(^ (HC)

w3 = to.), (lid)

The first of Eqs. (11) is obtained by integrating the equation of
radiative transfer over all solid angles. The S/W, / = 0,. . . ,3,
are defined by

xcos(r-r',ir)(L4(r')

50=1 (12a)

51 = sin0cos0 (12b)

52 = sin0sin0 (12c)

53 = cos0 (12d)

where the direction vector ¥ has polar and azimuthal angles 0
and <t>, respectively. The coefficients of linear anisotropic scat-
tering are j80= 1; /3i = j32==& = fli, where a\ is the first coeffi-
cient in the expansion of the scattering phase function.9 The
coefficients depend on the wavelength of the radiation and the

(7) diameter and optical properties of the scatterers. The wave-
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length dependence of all optical properties was neglected in
this work. The values used may be regarded as wavelength
averaged quantities.

Numerical Method
The radiative equation is discretized by using the product-

integration method.7 Equations (7-9) can then be written6:

4JSg - Qg \

(13)

(14)

Es -- Qs = C0(kEg - -f Qg ) + ̂
e \ ™ / ^

+ D\ES~- (15)

E,= (16c)

where N</ and Nb are the total number of interior and bound-
ary cells, A /m(/,w=0,l,...,M), B/(/=0,l,. . .,M), C/(/
= 0,1,. . . jM), and D are matrices with elements

(17a)

/ = l ,2 , . . . ,N r f , y = l,2,...,N, (17b)

/ = 1,2,...,A^, j = \929...9Nd (lie)

!/,- = \ K(r,9r'Kj(r')cos(r-r'9n')cos(r'-r9n)dA(r')
E

tJ = \929...9Nb (lid)

Equations (13-15) can be written in matrix form,

WM

AQQ

A20

AMO

C0

AQM BO

A\M B\

A2M B2

AMM BM

CM D

(18)

where

(16a)

/ = 1,. . .,M (16b)

The location of the center of the /th cell is r.; £/(r') and
tj(r') in Eqs. (17) are interpolating functions. In the following
calculations, the interpolating functions are chosen to be
piecewise-constant, consistent with the finite-difference ap-
proximation used for the mass and momentum conservation
equations.

The computing mesh in the physical domain consists of a
two-dimensional mesh of quadrilateral cells in Cartesian coor-
dinates. The irregular quadrilateral cells are transformed into
squares in the computational domain. Hence, depending on
the accuracy required, a four- or eight-point Gaussian quadra-
ture can be used to reduce the effort of numerical integration
and make the calculation of the radiation terms compatible
with the meshes generated for flowfields with complicated
geometry. Singular points in the integrations can be avoided by
transforming the volume integral into an area integral or by
using polar coordinates in the x-y plane.

The computational flow chart is shown in Fig. 1. The ele-
ments of matrices Atm9 Bh C/, and D are precalculated, and
during the computation these elements can be stored and
reused, as long as the geometry and optical properties are the



288 CHEN, VARGHESE, AND HOWELL J. THERMOPHYSICS

same. If the optical properties of system vary with tempera-
ture, the matrix elements must be recomputed periodically.
RADMTX is the program computing the matrix elements.
Both RADMTX and the Navier-Stokes solver share the same
grid generator. For compressible flow systems with coupled
continuity, momentum, and energy equations, the time-
marching scheme is the most widely used method to reach a
steady-state solution. At each time step or iteration, the diver-
gence of the radiative heat flux [Qg in Eq. (18)] is obtained by
a simple matrix operation and is then used in the energy bal-
ance equation. We used SALE written by Amsden et al.10 to
solve the Navier-Stokes equations, since it is a general purpose
code with well-written documentation. Two parts of SALE
were modified: 1) a READ statement was inserted into the
input section to read the elements of matrix Aim, Bh C/, and
D calculated by RADMTX; 2) the radiative flux term was
added to the energy equation, and a CALL statement was
inserted to call the routine solving the matrix equation [Eq.
(18)]. These modifications can be readily incorporated into
programs other than SALE.

Results and Discussion
The accuracy of the computational procedure was tested

using a hydrodynamically fully developed laminar flow be-
tween parallel plates at different temperatures. This flow was
studied by Kassemi and Chung.5 In this case the energy equa-
tion and momentum equation are uncoupled. The boundary
conditions on the temperature were set by prescribing the inlet
temperature, the wall temperatures were fixed with the no-slip
condition imposed at the walls, and the outlet temperature was
given by the mixed mean temperature of the flow at the
exit. The calculations were made using an 11x11 nonuni-
form grid. The parameters and assumptions used in the calcu-
lation were based on Ref. 5. The channel aspect ratio Ar=H/
L=Q.l,Pe = U0H/a = 20Q, e = 1.0, T0=kH = 0.5, w0 = 0, and
^coid = 0.6 rhot. Here H and L are the channel height and
width, respectively; UQ is the mean flow velocity, and the plate
temperatures are 7;old and rhot, respectively. The conduction-
radiation parameter N( = \c/ffaT3) was varied between 0.005
and 1; Fig. 2 shows the corresponding steady-state nbndimen-
sional temperature profiles at the midplane of the channel
(# = 0.5L). The agreement with the results in Ref. 5 is excel-
lent; the results of the two calculations cannot be distinguished
on the figure. The effects of scattering albedo (co0) and wall
emissivity (e) were tested, and the results also showed good

Recalculated
Coefficients

Divergence
of Radiative

Flux

RADMTX

Grid
Generator

N-S Solver
(SALE)

agreement with Ref. 5. Linear anisotropic scattering had negli-
gible effect on the temperature field in this case.

In the remainder of this section, we present steady-state
results for the effect of radiation on ideal gas flow through a
two-dimensional supersonic diffuser with wedge angles of 10
deg. To our knowledge this is the first solution in which the
two-dimensional continuity, momentum, and energy equa-
tions are solved simultaneously with the equation for radiative
transfer. The following results illustrate the temperature fields
only. This has been done partly to economize on space. More
importantly, the results presented are more qualitative than
quantitative because they were obtained by interpolation be-
tween points of a fixed 20 x 20 nonuniform grid that was dens-
est near the wall. This grid is not well suited to resolve the
oblique shocks in the flowfield whose locations are not known
a priori (when the flowfield is strongly affected by radiation).
Thus, quantitative computation would require a denser adap-
tive grid even for the inviscid flow computations. Detailed
comparisons of changes in all flowfield variables are best made
after a more accurate calculation is performed. Our objective
here is to demonstrate the use of the technique, show the
profound changes in the temperature field induced by strong
radiative transfer, and motivate more accurate (and more ex-
pensive) computations.

The sample calculations are intended to demonstrate the
capabilities of this technique. The maximum and minimum
values of the parameters examined in this study are not the
limits of computer codes; specific choices were made for a
parametric study of the effects of several variables on the
flowfield temperatures, but no attempt was made to run an
exhaustive set. All the calculations were performed on a Cray
XMP-24. The computational time ranged from a few seconds
to tens of seconds depending on the initial guesses for the flow
variables and the flow conditions. No attempt was made to
optimize or vectorize the codes.

One disadvantage of the technique is the large amount of
computer memory required. This limitation is common to all
methods for solving the full radiative transfer equation be-
cause of the presence of a full matrix. Hence a very fine grid
is prohibitive because of computer memory limitations. Thus
this technique cannot easily resolve boundary layers in a flow-
field. The following results were obtained using a 20x20
nonuniform grid for half the flowfield and exploiting symme-
try about the center line. Only convective terms were retained;
in this approximation, viscosity and thermal conductivity are
neglected so there is no thermal or momentum boundary layer.

In all these examples, the inlet flow is parallel with Mach
number M0 = 3. An ideal diatomic gas was used with constant
ratio of specific heats (7=1.4), and all flow variables were
nondimensionalized by their inlet values. The radiation
boundary conditions at inlet and exit were set by assuming the

Fig. 1 Computational flow chart.

0.4 0.6 0.8 1.0
y/H

Fig. 2 Effect of conduction-radiation parameter (/V) on temperature
profiles.
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i.oo
T/T0

1.07 1.13 1.31

Fig. 3 Temperature field in a supersonic diffuser with uniform paral-
lel inlet velocity, A/o = 3, /?rad = 0 (no radiation).

R =0.2rad

0.80

T/T

0.83 0.89 0.95 1.01 1.07

Fig. 4 Effect of a cold wall on the temperature field, MO = 3,
/?rad = 0.2 and 1, rwaii = 0.5 TO, e = l, TO =1, and w0 = 0.

gas enters from a region at inlet temperature T0 and discharges
into a region at the same temperature as itself. Thus the radi-
ation temperature at the exit Texit is determined during the
calculation. The wall emissivity e, wall temperature rwaU, and
optical thickness of the gas TO must be specified in addition.
The optical thickness T0=kL, where L is the length of the
diff user. The gas was assumed to be gray with a uniform
constant absorption coefficient.

The computed temperature fields presented below are visu-
alized using different dot density patterns. Approximately 10
readily distinguishable patterns were available; smaller incre-
ments in dot density were hard to distinguish within a single
plot. Because of the relatively wide range of temperatures in
the results, a single dot pattern could not be consistently asso-
ciated with each temperature in all the figures. The density and
temperature are strongly coupled in a compressible flow, and
the locations of the shocks may generally be inferred from the
location of steep temperature gradients.

The relative importance of radiation may be quantified by
the radiation-convection parameter Rrad = aT3/pCU; neglect-

Fig. 5 Effect of /?rad on the centerline temperature.

0.80 0.86 0.92 0.98 1.04 1.10

T/T0

0.83 0.89 0.95 1.01 1.07

Cold Wall

1.00

T/T0

1.07 1.13 1.19 1.31

Fig. 6 Effect of a hot wall on the temperature field, MO = 3,
= l, T0 = l, and <oo = 0.

ing radiation is equivalent to setting /?rad = 0. The influence of
radiation on the temperature field can be determined by com-
parison with a reference solution that neglects radiative trans-
fer. The temperature rise in this flowfield is simply due to
supersonic compression. Figure 3 shows the different tempera-
ture zones; the temperature contours were obtained by inter-
polation. The oblique shocks at the inlet and the reflected
shocks may be inferred from the temperature contours. The
thickness of the shocks is artificially increased because of the
relative coarseness of the computational grid at the shock loca-
tions. As mentioned above, the grid was not adapted to opti-
mize shock capture.

The temperature field when radiation is included in the
computation is shown in Fig. 4 for moderate (/?rad = 0.2) and
strong (jRrad= 1) radiative transfer. A cold wall was assumed,
Twatt = 0.5 r0, with e = 1 and the optical depth of the gas r0 - 1.
Note that the shading code starts from 0.80 instead of 1; hence
the inlet is at a temperature near the middle of the scale. The
shapes of the temperature contours in Fig. 4 are quite different
from those in Fig. 3. The results show that as Rrad increases,
the flow temperature decreases on the average, since radiative
transfer from the main stream to the cold wall is enhanced. As
a result, the local Mach number upstream of the oblique
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e = 0.75

0.95 1.01 1.07 1.13 1.19 1.25

co 0 = 0.25

T/T0

0.98 1.04 1.10 1.16 1.22

T/T0

0.92 0.98 1.04 1.10 1.16

Fig. 7 Effect of surface emissivity on the temperature field, MO = 3,
0.2, rwan = 0.57b, € = 0.75 and 0.25, TO = 1, and wo = 0.

Fig. 9 Effects of isotropic scattering on the temperature field,
Mo = 3, /?rad = 0.2, /Van = 0.5 TO, e = 1, TO = 1, and «o = 0.25 and 0.75.

1.6

"
1.3

1.0
u.o 0.2 0.4 0.6

x/L
0.8 1.0

i» a E-CC . « « • • •. .1. . i- . fig-10 Effect of isotropic scattering albedo coo on the radiative flux
Fig.8 Effect of surface emissivity on the centerlme temperature. on the boundary, M0 = 3,/^d = 0.2, rwall = 0.5 7«, £ = 1, and TO = 1.

shocks is increased, and the shock angle decreased. The exit
flow is substantially cooler than the inlet flow for Rrad- 1-0.
Figure 5 shows the effect of Rrad on the centerline temperature
for the cold wall case; increasing values of Rrad result in de-
creased centerline temperature as expected.

The relative effects of hot and cold walls on the temperature
field are shown in Fig. 6. The Rrad = 0.2 (cold wall) part of Fig.
4 is repeated in Fig. 6 for easy comparison. The hot wall part
of Fig. 6 shows the temperature field for rwaii=1.25r0 and
other parameters held constant (j?rad = 0.2, e= 1, and TO = 1).
The shapes of the temperature contours are quite different in
the two cases. The hot wall part of Fig. 6 may also be com-
pared to Fig. 3. Radiant transfer from the hot wall and the
downstream shocked gas preheats the upstream flow. This
leads to lower local Mach number upstream of the shocks and
greater shock angle than for the flowfield where radiation is
insignificant.

The effect of surface emissivity on the temperature field was
examined for a cold wall rwau = 0.57i, with 7?rad = 0.2, and
T0 = 1. The results for e = 0.75 and 0.25 are contrasted in Fig.
7. The centerline temperature profiles for several values of e
are shown in Fig. 8. A smaller surface emissivity reduces the
radiative loss to the cold wall from the main flow. Hence the
decrease in gas temperature upstream of the oblique shock
shown in the cold wall part of Fig. 6 (e= 1) is not as pro-
nounced in the e = 0.75 part of Fig. 7. When the emissivity is
decreased still further to e = 0.25, the gas upstream of the
oblique shock is scarcely affected by the radiative loss to the
wall and is instead heated because of radiative transfer from
the shock-heated gases further downstream as indicated in the
e = 0.25 part of Fig. 7. The shape of the temperature contours
in the e = 0.25 part of Fig. 7 should be compared to those in
Fig. 3 where radiative transfer from both the wall and the
shock-heated gases were neglected.
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Figures 9 compares the temperature fields for two different
isotropic scattering albedos (a?0 = 0.25 and 0.75) for the cold
wall case. Comparison of the Rrad = 0.2 part of Fig. 4 (o>0 = 0)
with Fig. 9 (note scale differences) shows the enhanced scatter-
ing results in lower temperatures upstream of the oblique
shock. This is because the energy radiated by the hot gas
downstream of the shock is scattered away rather than being
absorbed by the upstream gas. Figure 10 presents the radiative
heat flux to the wall for various scattering albedos. As UQ
increases, the surface upstream of the shock receives less
energy while the heat flux to the downstream surface increases
slightly. The reduction in the upstream surface heat flux is a
result of the cooler upstream gases and reduced radiative trans-
fer from the downstream gases because of scattering. The
slightly enhanced downstream heat flux arises from backscat-
tering of energy that would otherwise have been absorbed by
the upstream gas.

Conclusions
We have constructed a general procedure for obtaining mul-

tidimensional steady-state solutions of the coupled mass, mo-
mentum, and energy equations with radiative transfer in an
emitting, absorbing, and scattering fluid. The procedure was
used to study the effects of some radiation parameters on a
two-dimensional supersonic flowfield. Radiative transfer was
shown to have significant influence on the temperature field
and, by extension, on the other flow variables. The study
demonstrates that it is possible to develop a computer code for
multidimensional radiative transfer that can interface with the
computational grids of codes adapted to purely convective
flows. Tan's formulation permits rapid and efficient computa-
tion of the radiative transfer term. This should enable im-
proved predictions of the performance of high tempearture
devices. The principal disadvantage of the technique is the
need for large amounts of computer memory. The technique
can be extended using higher-order interpolating functions and
wavelength dependent optical properties.
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